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LECTURE OUTLINES

Motion of an electron in Magnetic field only

Trajectory of particle Motion in “B” Field only

Motion of an electron in both electric and Magnetic field

Motion in cylindrical coordinates
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Motion of an electron in B fields
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❑ Firstly , assume there is no electric field and there is only magnetic field 

effect (B)

❑ Assume that magnetic field is (B), Normal to the page and towards 

inside.

❑ If there is no magnetic field, the electron will move in a straight motion. 

But due to magnetic field it will move in a circular trajectory.

❑ Due to the magnetic field , the particle (electron / or proton) affected by 

a force excreted on it due to the magnetic field (𝑭)

❑ Using right hand rule (R.H.R)➔ 𝑭  direction can be determined

❑ Using Lorentz rule we can estimate the force:

𝑭 = 𝒒𝓿 × 𝑩
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❑ The magnetic force doesn’t change the velocity of the moving particle, 

it only changes the (direction).

❑ The trajectory of the electron/proton is circular motion, so we can 

estimate the velocity components (𝓿𝒙, 𝓿𝒚, 𝓿𝒛) at any time.

❑ It is requires to calculate :

➢   The radius of the motion (R) 

➢ The periodic cyclic time (cyclotron) of the motion (𝑻𝒑)

❑  starting from :

𝑭 = 𝒒𝓿 × 𝑩 = 𝒒𝓿𝑩𝒔𝒊𝒏𝜽
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❑ At point (1) of the shown figure ( expected circular motion) 

➢ θ = 90𝑜 , 

➢ Ԧ𝐹 = 𝑞𝓋𝐵𝑠𝑖𝑛𝜃 = 𝑞𝓋𝐵𝑠𝑖𝑛90𝑜 = 𝑞𝓋𝐵

➢ But Ԧ𝐹 =
𝑚𝑣2

𝑅

➢ So , 𝑞𝓋𝐵 =
𝑚𝑣2

𝑅
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Now :

➢𝑹𝒂𝒅𝒖𝒊𝒔 𝒐𝒇 𝑪𝒊𝒄𝒍𝒆 (𝑹) =
𝑚𝑣

𝑞𝐵
  

➢ 𝑷𝒆𝒓𝒊𝒐𝒅𝒊𝒄 𝑻𝒊𝒎𝒆 (𝑻𝒑) =
𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 

𝑣𝑒𝑙𝑜𝑐𝑖𝑡𝑦

                               =
2𝜋𝑅

𝑣
        

                              =
2𝜋

𝑣
×

𝑚𝑣

𝑞𝐵
 

 (𝑻𝒑) = 
2𝜋𝑚

𝑞𝐵
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Trajectory of particle Motion in “B” Field 

only
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Case (1)  :
➢ NO Electric field 

➢ The magnetic field is in 𝒙 direction only 

➢ The initial velocity is in 𝒛  direction



11

❑ Firstly , assume that the magnetic field is in 𝒙 direction only and the 

initial velocity is in 𝒛  direction

❑ 𝐴𝑠𝑠𝑢𝑚𝑒 𝑣𝑜𝑥= 𝑣𝑜𝑦 = 0 , 𝑣𝑜𝑧 > 0

❑ 𝐴𝑠𝑠𝑢𝑚𝑒 𝑖𝑛𝑖𝑡𝑖𝑎𝑙 𝑝𝑜𝑠𝑖𝑡𝑖𝑜𝑛 𝑖𝑠 𝑎𝑡 𝑜𝑟𝑖𝑔𝑖𝑛 𝑥𝑜 = 𝑦𝑜 = 𝑧𝑜

Voz
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❑ 𝑣𝑒𝑙𝑜𝑐𝑖𝑡𝑦 𝑣𝑒𝑐𝑡𝑜𝑟 Ԧ𝑣 = 𝑣𝑥𝑎𝑥 + 𝑣𝑦𝑎𝑦 + 𝑣𝑧𝑎𝑧

❑ Ԧ𝐹 = 𝑞(𝑣𝑥𝑎𝑥 + 𝑣𝑦𝑎𝑦 + 𝑣𝑧𝑎𝑧) × (𝐵𝑥𝑎𝑥)

 Ԧ𝐹 =

𝑎𝑥 𝑎𝑦 𝑎𝑧

𝑣𝑥 𝑣𝑦 𝑣𝑧

𝐵𝑥 0 0

Ԧ𝐹 = 𝑞(𝐵𝑥𝑣𝑧𝑎𝑦 − 𝐵𝑥𝑣𝑦𝑎𝑧)

Ԧ𝐹 = 𝑚
𝑑𝑣𝑥

𝑑𝑥
𝑎𝑥+𝑚

𝑑𝑣𝑦

𝑑𝑦
𝑎𝑦+𝑚

𝑑𝑣𝑧

𝑑𝑧
𝑎𝑧
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𝑚
𝑑𝑣𝑥

𝑑𝑥
 = 0 

 𝑣𝑥 = ׬ 
𝑑𝑣𝑥

𝑑𝑥
 𝑑𝑥

𝑣𝑥 = Constant

At t = 0 , 𝑣𝑜𝑥 = 0 , so const. = 0 and 

so 𝑣𝑥=0

𝑥 = ׬ 𝑣𝑥𝑑𝑥 = constant 

At t = 0 , 𝑥𝑜 = 0 , so const. = 0 and 

           𝑥 = 0 
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𝑚
𝑑𝑣𝑦

𝑑𝑦
 =𝑞𝐵𝑥𝑣𝑧 ➔ (1)

𝑚
𝑑𝑣𝑧

𝑑𝑧
= −𝑞𝐵𝑥𝑣𝑦 ➔ (2)

❑ Differentiate (1)

 𝑚
𝑑2𝑣𝑦

𝑑𝑡2  =𝑞𝐵𝑥
𝑑𝑣𝑧

𝑑𝑧

❑ Substitute in (2)

𝑚
𝑑2𝑣𝑦

𝑑𝑡2  = 𝑞𝐵𝑥(−
𝑞

𝑚
𝐵𝑥𝑣𝑦)
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𝑑2𝑣𝑦

𝑑𝑡2  + 
𝑞2𝐵𝑥

2

𝑚2 𝑣𝑦 = 0

𝑑2𝑣𝑦

𝑑𝑡2  + 𝜔2𝑣𝑦 = 0 ➔  𝜔2= 
𝑞2𝐵𝑥

2

𝑚2   or 𝜔= 
𝑞𝐵𝑥

𝑚
 

It is a differential equation, has a solution of : 

𝑣𝑦(t) = A sin 𝜔t + D Cos 𝜔t

➔At t = 0 , 𝑣𝑜𝑦(t)=0 && D=0

➔So 𝑣𝑦(t) = A sin 𝜔t 
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𝑣𝑦(t) = A sin 𝜔t 

By differentiation : 

𝑑𝑣𝑦(t)

𝑑𝑡
=  𝜔 A cos 𝜔t 

𝑤𝑒 𝑘𝑛𝑜𝑤 𝑡ℎ𝑎𝑡 𝑚
𝑑𝑣𝑦

𝑑𝑦
 = 𝑞𝐵𝑥𝑣𝑧 && 𝜔= 

𝑞𝐵𝑥

𝑚

𝑚(
𝑞𝐵𝑥

𝑚
)A cos 𝜔t = 𝑞𝐵𝑥𝑣𝑧

So A cos 𝜔t = 𝑣𝑧
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A cos 𝜔t = 𝑣𝑧

Now , at t = 0 , A= 𝑣𝑜𝑧

So ,   𝑣𝑦(t) = 𝑣𝑜𝑧 sin 𝜔t

➔ To calculate 𝑣𝑍 

 we know that 𝑚
𝑑𝑣𝑦

𝑑𝑦
 =𝑞𝐵𝑥𝑣𝑧

𝑚(𝜔𝑣𝑜𝑧 cos 𝜔t)=𝑞𝐵𝑥𝑣𝑧

 𝑣𝑧 = 
𝑚𝜔𝑣𝑜𝑧 cos 𝜔t

𝑞𝐵𝑥
=

𝑚
𝑞𝐵𝑥

𝑚
𝑣𝑜𝑧 cos 𝜔t

𝑞𝐵𝑥
= 𝑣𝑜𝑧cos 𝜔t
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𝑥 = 0 

𝑣𝑥=0

𝑣𝑦(t) = 𝑣𝑜𝑧 sin 𝜔t

𝑣𝑧 = 𝑣𝑜𝑧cos 𝜔t

𝑁𝑜𝑤 𝑤𝑒 𝑤𝑎𝑛𝑛𝑎 𝑐𝑎𝑙𝑐𝑢𝑙𝑎𝑡𝑒 𝑍 𝑎𝑛𝑑 𝑦
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𝑁𝑜𝑤 𝑤𝑒 𝑤𝑎𝑛𝑛𝑎 𝑐𝑎𝑙𝑐𝑢𝑙𝑎𝑡𝑒 𝑍 𝑎𝑛𝑑 𝑦

𝑣𝑦 = 
𝑑𝑦

𝑑𝑡
 𝑦 = ׬𝑣𝑦 𝑑𝑡

𝑦 = ׬ 𝑣𝑜𝑧 sin 𝜔t 𝑑𝑡 =
−𝑣𝑜𝑧

𝜔
 cos 𝜔t + C

At t = 0 , 𝑦𝑜 = 0 , and

0 = 
−𝑣𝑜𝑧

𝜔
 cos 0+ C  ➔ C =

𝑣𝑜𝑧

𝜔

𝑦 = ׬ 𝑣𝑜𝑧 sin 𝜔t 𝑑𝑡 =
−𝑣𝑜𝑧

𝜔
 cos 𝜔t + 

𝑣𝑜𝑧

𝜔
 = 

𝑣𝑜𝑧

𝜔
 ( 1-cos 𝜔t )

Or it can be re-written

 𝑦 -
𝑣𝑜𝑧

𝜔
 = 

−𝑣𝑜𝑧

𝜔
 cos 𝜔t  ➔ (I) 
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𝑁𝑜𝑤 𝑤𝑒 𝑤𝑎𝑛𝑛𝑎 𝑐𝑎𝑙𝑐𝑢𝑙𝑎𝑡𝑒 𝑍 𝑎𝑛𝑑 𝑦

𝑣𝑧 = 
𝑑𝑧

𝑑𝑡
 𝑧 = ׬𝑣𝑧 𝑑𝑡

𝑧 = ׬ 𝑣𝑜𝑧 Cos 𝜔t 𝑑𝑡 =
𝑣𝑜𝑧

𝜔
sin 𝜔t + C

At t = 0 , 𝑧𝑜 = 0 , and

0 = 
𝑣𝑜𝑧

𝜔
 sin 0+ C  ➔ C = 0

𝑧 = ׬𝑣𝑜𝑧 cos 𝜔t 𝑑𝑡 =
𝑣𝑜𝑧

𝜔
 sin 𝜔t
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𝑧 = 
𝑣𝑜𝑧

𝜔
 sin 𝜔t 𝑦 -

𝑣𝑜𝑧

𝜔
 = 

−𝑣𝑜𝑧

𝜔
 cos 𝜔t 

(𝑦 −
𝑣𝑜𝑧

𝜔
)2+𝑧2 = (

−𝑣𝑜𝑧

𝜔
 cos 𝜔t )2+ (

𝑣𝑜𝑧

𝜔
 sin 𝜔t )2= (

𝑣𝑜𝑧

𝜔
)2

=⇒ (𝑦 −
𝑣𝑜𝑧

𝜔
)2+𝑧2 = (

𝑣𝑜𝑧

𝜔
)2

So the trajectory is circular motion with radius 
𝑣𝑜𝑧

𝜔

𝑅 = 
𝑣𝑜𝑧

𝜔
 = 

𝑣𝑜𝑧
𝑞𝐵𝑥

𝑚

 

𝑅 = 
𝑚𝑣𝑜𝑧

𝑞𝐵𝑥

T = 
2𝜋𝑅

𝑣𝑜𝑧
 = 

2𝜋
𝑚𝑣𝑜𝑧
𝑞𝐵𝑥

𝑣𝑜𝑧
 = 

2𝜋𝑚

𝑞𝐵𝑥
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Case (2)  :
➢ NO Electric field 

➢ The magnetic field is in 𝒙 direction only 

➢ The initial velocity is in 𝒙  and 𝒛 direction
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Voz

Vox

➢ Do it Yourself to reach :

𝑣𝑦 = 𝑣𝑜𝑧 sin 𝜔t

𝑣𝑧 = 𝑣𝑜𝑧cos 𝜔t

𝑣𝑥 = 𝑣𝑜𝑥

𝑥 = 𝑣𝑜𝑥t

𝑧 = 
𝑣𝑜𝑧

𝜔
 sin 𝜔t

𝑦 -
𝑣𝑜𝑧

𝜔
 = 

−𝑣𝑜𝑧

𝜔
 cos 𝜔t 
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Uniform helix trajectory
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Case (3) 
➢    Uniform Electric field 𝒙 direction only 

➢ The magnetic field is in 𝒙 direction only 

➢ The initial velocity is in 𝒛 direction
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Voz

➢ Do it Yourself to reach :

𝑣𝑦 = 𝑣𝑜𝑧 sin 𝜔t

𝑣𝑧 = 𝑣𝑜𝑧cos 𝜔t

𝑣𝑥 =
𝑞𝐸

𝑚
 𝑡  

𝑥 =
𝑞𝐸

2𝑚
 𝑡2

𝑧 = 
𝑣𝑜𝑧

𝜔
 sin 𝜔t

𝑦 -
𝑣𝑜𝑧

𝜔
 = 

−𝑣𝑜𝑧

𝜔
 cos 𝜔t 

𝐸

𝑭 = 𝒒(𝑬 +  𝓿 × 𝑩 )
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Non uniform helix trajectory
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Case (4)   
➢ Uniform Electric field −𝒙 direction only 

➢ The magnetic field is in 𝒙 direction only 

➢ The initial velocity is in 𝒙 𝒂𝒏𝒅 𝒛 direction
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Voz

𝐸
𝑣𝑧 = 𝑣𝑜𝑧cos 𝜔t

𝑣𝑥 =
−𝑞𝐸

𝑚
 𝑡+𝑣𝑜𝑥  

𝑥 =
−𝑞𝐸

2𝑚
 𝑡2 + 𝑣𝑜𝑥𝑡

𝑧 = 
𝑣𝑜𝑧

𝜔
 sin 𝜔t

𝑦 -
𝑣𝑜𝑧

𝜔
 = 

−𝑣𝑜𝑧

𝜔
 cos 𝜔t 

𝑭 = 𝒒(𝑬 +  𝓿 × 𝑩 )

➢ Do it Yourself to reach :

𝑣𝑦 = 𝑣𝑜𝑧 sin 𝜔t
Vox
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Helical Motion in X and circular in YZ 



Project
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Thank  you for your attention
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